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Step Response

Recall that, for asymptotically stable systems, the step response describes
the way the systems "moves” from an equilibrium to another
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Step Response (contd,) %ﬁgis\ i
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The knowledge of the step response allows to easily determine D
the response to other inputs related to the step function by linear
transformations
1%‘ V
time > >
1(t) t-1(t)
Laplace !
P S 52

The response to the ramp function
is the integral of the step-response

t-l(t):/O L(7)dT e
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Characteristic Parameters of the Step Response

v

S~
‘3

www.kios.ucy.ac.cy



Characteristic Parameters of the Step Response (contd,)

« Steady-state value: ¥ = y(o0)

« Settling time: ¢ .

 Risetime: ¢,

* Delay time: ¢4

« Peak time: ¢,

« Peak value: yp

* Maximum overshoot: A =y, — y(c0)

« Maximum percentage overshoot: A% = 100 - A/y(c0)
* “Period” of oscillations: T°

« Damping factor: B/A
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Step Response: First Order Systems

e CaseA)
G(s) = 1 f : u>07>0 strictly proper first-order system
ST
b asymptotic stability
e Case B)
G(s) = “(fj sT) . 1> 0; 7 >0 non strictly proper first-order system
ST
g b asymptotic stability
0 =
%
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Step Response: First Order Systems (contd.) %ﬁ ;\E;éi
L NS

e =0.01

:1('_’/)(1\:\/
° CaSeA) %(1—6_t/7->:099‘4

T ts,0.01 ;
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Settling-Time Calculation i

For example, the settling time for ¢ = 0.01can be characterised as foIIows. kg

et/ — .99 mmmh /T =001 mmp /T =100

b tooon = 70100 = 4.67

The calculation of the rising time ¢, and the delay time ¢4 follows similar
lines.

1s,0.01

The following approximations are useful:

- 6227t~ 07T t00s 3T fooo =467 |

O

z_a Remark: without loss of generality, from now on we shall use t; as a shorthand
é for Us ,0.01

|
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Qualitative Analysis of the Step Response

Im(s)t

1

!

S

T

X—x
1 Re(s)
!

v

—-
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Step Response: First Order Systems (contd.)

e Case B)

y(t) = £ 'G<s>3]

S

_,u(l—l—sT)]
| s(1+ s7)

_E—i_ I+ s7

_ | H u(T—T)]

:u<1+(a—1)e_t/7), t >0 with T = ar

T
Note that (the system is not strictly proper): tli%l‘i‘ y(t) = H— # 0
—
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Qualitative Analysis of the Step Response

Im(s)4
/ /! y(t)“
O<a<l |a>1||a" <0 . ,
~1/T )| =11 PN o>
- o— "
Re(s)
Q
I." K O<a<l
t:
w o’ <0
19 o
) H
A%
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Step Response: Second Order Systems

e CaseA)
_ H

G(s) = 1551+ 57) real poles, no zeros
e Case B)

G(s) = pll + 5T) real poles, one zero

(1 + 87'1)<1 + 87'2)
e Case Q)
o0
G(s) =
(s) Grotiosto—jo) complex poles, no zeros

e Case D)

o(1+ sT)

. . complex poles, one zero
(s+ 0+ jw)(s + 0 — jw) PIEXP

@
9 G(s) =
]
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Step Response: Second Order Systems (contd, % a\iﬁ\%
N ?‘v ~
&&g

e CaseA)
G(s) = & 4> 0; T T
(1+s71)(1+8732)
71 >0 . ..
>0 } asymptotic stability

Without loss of generality, assume 71 > T2
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Step Response: Second Order Systems (contd,

] | )
ty =L71G(s)=| =71
y(t) I (5) s ] [ s(1 4 s7)(1+ s72) ]
(A B C
=L =+ +
| S 14 sm 1+ s7m
where
(1—|—S7'1)(1—|—S7'2) <=0
_ 7 _ b
Cr s(1 4+ s13) s=—1/m —%(1 — :—f) To — T1
O oo p _ kT3
P~ s(1+s11)|._ —l11-y m-mn
" S—_1/7'2 T2 T2
\'4
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Step Response: Second Order Systems (contd,

Hence:

L — T2 L — T2
Characteristics:
y(oo) = pu >0
s u(0) =
O y(0) =0
= o j(0)=-"">0
‘ T172

A4
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Qualitative Analysis of the Step Response

Im(s) 4
y(t) 4
R e —
1 1 Re(s)
T2 _7_1
ts =7
@y >
O
0 —
) t t
A4
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Approximate Calculation of the Settling Time

If 71 > 1

7-1 —t/Tl 7-2 —t/TQ
t) = 1 — + t>0
b y(t) 'LL( 756 T 726 > ’ o

T —

~p(l—e /™) >0

b te >~ 4.61

In general, in the absence of zeros, the most influential poles on the qualitative
behaviour of the step response are the ones closer to the imaginary axis.
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Qualitative Analysis: Comparison Between First and Second Order

y(t) |
7

G/ — ILL
(S) 1+ smy

Q" _ X ; >
(5) (14 s71)(1 + s732) =

 The main difference lies in the initial
transient behaviour

* For a given settling time, the step- (]
response in the second-order case
without zeros has a "slower"

dynamics —
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Step Response: Second Order Systems (contd, & i\\é%
e

« Case B)

pu(l+ sT)
(14 sm1)(1 + s732)

G(s) = ; uw>05 T AT

7 >0

e >0 } ==m) asymptotic stability

Without loss of generality, assume 71 > T2
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Step Response: Second Order Systems (contd,

] . .
ty =L |G(s)=| =71
y(t) I (S)s] [s(l + s711)(1 + 87'2)]
A B
=L | —+ ¢ ]
S 14 sm 1+ s79
where
g p(l+ sT) B
(A+sr)(1+sm)|._
p_ Hd+sT) _p(Q-T/n)  pn(n—T)
8(1"’8’7’2) s=—1/m —%(1—:—?) T —T1
g o #M1+sT) _ p(A=T/7)  pro(re —T)
1:; s(1+ s71) s=—1/m —%(1 — :—;) T — To
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Step Response: Second Order Systems (contd,

Hence:
— T — T
y(t):u(l_ 71 —t/Tl T2 —t/’Tg) 7 t>0
T1 — T2 T1 — T2
Characteristics:
y(oo) = p >0
y(O)ZOMT >0, ifT>0
O 172 <0, ifT<0
0 —
)
A4
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Qualitative Analysis of the Step Response

Im(s)4
y(t)1
S X—H—S1S © >
e Re(s)
T2 T1 b

O zero with little influence

O overshoot

O undershoot
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Step Response: Second Order Systems (contd,

e Case ()
B 0
“8) = ot i) T o —jw)
B . 0
:LL—G(O)_ 0_2_|_w2

poles: —o + jw
o >0 mm=) asymptotic stability

w >0

o>0
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Step Response: Second Order Systems (contd,

_G(s) A Bs+C
s s  $242s+ 02+ w2

b A82—|—2A08+A02—|—Aw2—|—352—|—03:Q
( 0

A4+ B =0 A:02+w2:,u
20 + C' =0 ) < B=—u
A(O’2 _|_ wz) — Q \ O _ —20'lLL
b y(s) — 1 s+ 20 |1 sto+o
_'u_s 2125 ta2tw2| Ml (s +0)? 4+ w?

8 | s+o o w
:“ _'u_s (s+0)24+w? w(s+0)?+w?
A4
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Step Response: Second Order Systems (contd,

=

Hence: y(t)
(" Characteristics:
O
0 =
)
\V/

www.kios.ucy.ac.cy

= p

1 —e 7" cos(wt) — T oot sin(wt)} , t>0
w

(1 et (Cos(cut) + 2 sin(wt)) } , t>0
w

i Vo - o2

w

1 —

e “tsin(wt+@) |, t>0

— _/

V- .
damped oscillations

o
Vo2 —|—w2)

where ¢ = arccos (




Qualitative Analysis of the Step Response

y(t) 4

Yp
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Characteristic Parameters of the Step Response

Recall from Part 4:

Gr T
: wpé =0
Re(s)
. whr/1—E2 =w
b — —jw ' NG J
Parameters:

w wy, hatural angular frequency:
O C(e) — 0 .
z:; (s) = 2 1 2w s + w2 ¢ = cos(«) damping ratio
A%
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Characteristic Parameters of the Step Response (contd,

and:
Y Y
G(s) = : — =
(5) (s+o+jw)(s+o0—jw) (s+0)%+ w?
_ 4 _ 0
s24+20s+ 0%+ w?  s242fw,s+ w?
— "
2Ewn, wi
2
28 1 28 1
l+—s+ —=s 1+ —s+—=s
w Wn w2 Wn w2
O
‘% where: p:= —
! n
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Characteristic Parameters of the Step Response (contd, i

é

k,/_y ,\

Hence:

only depend on f
— but not on w,
~ Ewn

T T
e Peaktime: t, = — =
p w W, /1 _ 52 i \

* Peak value: yp:u[1+e w}zﬂlpre m]

Qlcn
bb
o)

Settling time: ts ~

. A _&r
 Maximum percentage overshoot: A% = 100 — = e 7™/¥/=100-¢ Vi-&
]
2T 2T
 “Period” of oscillations: T = — =
B “ wn /1= ¢ 2¢
« Damping factor: T == A2 = ¢7207/w _ o 1-e2
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Maximum Percentage Overshoot

A% ()

90 1
80 .
70(3 ........ |
60 _

; __&m
50 | A% =100 -e V1i-¢€2 |
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Limit Cases o a\i\é‘%
Y e
SHE A

* No damping: £ =0

0 .
G = les: =+ Wn
(s) 21wz poles: *J

b Undamped oscillations

 Full damping: £ =1

o
G(s) = (5 + wn)? poles: —wy; —wn,

b No oscillations at all

K@10C

www.kios.ucy.ac.cy



Example 1

G(s : =
S = =S
Ms? + hs + k o
1/M
52—|—£5—|—ﬁ
M M
1/M
2 2 _
Hence: b §7F 28wns + W, = 2, b B
. T MM
A M
w 28wn, = M > n
O b2 § =
l:“ n o M 2V kM
A%

www.kios.ucy.ac.cy



Example 2

Uu 9
o———) ([ Ci1 =u— 29
L
r1(=D=C R Y { Liy =z1 — Rx>
O Ky:R:cg
[ 0o -1/C [ 1/C B
LA_[UL _R/L] B_[ A ] C=1[0 R]
B s 1/c 17'[1/c]  R/LC)
bew=onm| 5 we) 0= BT
8 C S S LO
R
l:; Lwn——a 525 f; p=R
v
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Step Response: Second Order Systems (contd,

e CaseD)
1 T
G(s) u§§+81 o 0<é<]; wy,>0; u>0
1‘|'—S‘|——282
Wn, wy

Characteristics of the step response:

y(oo) =pu >0
y(0) =0
>0, ifT>0
o y(0) = puTw;
2 <0, T <0
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Qualitative Analysis: Comparison between first and second order

y(t) |
L

/ . X
G(S)_ 1+ smy

G// — 'LL .
(5) (1+s7m)(1+ sm2)’ T > T

* The main difference lies in the inil
transient behaviour

« For a given settling time, the step (|
response in the second-order cas
without zeros has a "slower"
dynamics —
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Qualitative Analysis:

Comparison between Case C) (no zeros) and Case D) (one zero)

7

G'(s) = T 7
14+ =5+ —s°

2

Wn, we

p(1+ sT)

GII(S) 25 1
14+ =5+ —s°

2

Wy, w

« Again, the main difference lies in
the initial transient behaviour

* For a given settling time, the step-
response in Case C) without
zeros  has a "slower" dynamics
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Step Response for Systems of Order > 2

For simplicity, consider the case of real poles only:

m

[]@+sT)
G(S): :LL 1 =1

n

H 1+ s7;)
1=1

Recall (in the absence of common factors in G(s)):

Re(poles) < 0

Asymptotic Stability — ¢umm) <0
g
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Step Response for Systems of Order > 2 (contd.)

e [nitial Value Theorem

1 =0, ifm<n
lim y(¢t) = lim 8 — G(s
t—>0+y() s—oo 8 () 7&07 Fom—=n
 Final Value Theorem
1 =p, itg=0
lim y(t) = lim ¢ — G(s)
t—00 s—0 8 :O’ ifg<0
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Dominant Poles Approximation %ﬁgis%

N
Again, for simplicity, consider the case of real poles: (\@g

)
1 Q) o Oy,
Vis) = G(s)= = —2
(5) (5) S S 1+ sm * T 1+ s7,
1

bov = |a)|

= qq + %e_t/Tl + ..o+ %e_t/rn

71 Tn

Assuming: 71 > T2 > - > Ty

b y(t) :CKO—F%e_t/Tl—F..._F%e_t/Tn
T

v ! n

O o .

z;" ~ qp + —et/T dominant component, hence: s >~ 57
v "
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Dominant Poles Approximation: Real Poles
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Dominant Poles Approximation: Real and Complex Poles

: wn“Im(s)
S x)
_— Re(s
$—xo——k——L 2(s)
T
X A
| £ = cosa
@
O
2
%o
Y
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Example

400(1 + s)
G(s) =
(1+0.25)(1+0.1s)(s? + 25+ 4)
Wy = 2
£=1/2
n = G(0) =100
poles: —5 | 4Im(s) dominant poles
—10 l
14 §V3 St
- er{iv3
zero: —1 |
- — >
v - oV
O i
0 = I
'. |
"4
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Example (contd.)
400(1 + s)

Gd(S)/: (82-|—2S—|—4)

_ 400(1 + s)
( ?(S) ~ (1+0.25)(1 4 0.15)(s2 + 25 + 4)

180 T I T T T T
160 - / i

140 - -

QOO [ G e N e g

80 =

60 - \ Gd(s)/, B 400 -

sl (52425 +4) ]

20 -
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Equivalent Pole Approximation %ﬁ

Suppose that all poles are real and negative:

L4 .
G = ; ;i >0,1=1,...,
() (14 sm)(1+s12) - (1 + 5T0) T ¢ "

IJJ n
Ge(s) = , Te 1= Zn
1+ s7. —

b dominant component, hence: ts ~ 57
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Example

1
(14 s)(1+0.1s)(1 4+ 0.5s)

G(s) =

p=G~0) =

- aIm(s)
poles: —1 . .
_9 | equivalent pole
~10 l /
|
X . X—x%(x) =
—10 -2 —1 Re(s)
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Exam ple (contd.)

09

08| | 1
YT L+ s)(1+0.1s)(1 + 0.5)

0.6 -

0.5

04

03+ ].
S p—
02 1+ 1.6s

0.1
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Dominant and Equivalent Poles Approximation: Remarks i %

//

, -

* When using the dominant poles approximation:
— It is important to “preserve” the gain
— Zeros located close to the imaginary axis have to be properly
taken into account
* The equivalent pole approximation can only be used when all poles
are real and negative
« Both approximations are useful in qualitative analysis and the for initial

controller’s design steps
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